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Disentangling positivity constraints for generalized parton distributions
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Positivity constraints are derived for the generalized parton distributions~GPDs! of spin-1/2 hadrons. The
analysis covers the full set of eight twist-2 GPDs. Several new inequalities are obtained which constrain GPDs
by various combinations of usual~forward! unpolarized and polarized parton distributions, including the
transversity distribution.
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I. INTRODUCTION

It was shown during the last decade that a number of h
exclusive processes, including deeply virtual Compton s
tering and hard exclusive meson production, are calculab
QCD in terms of generalized parton distributions~GPDs!
also known as skewed, off-forward, or nondiagonal@1–5#.
GPDs cannot be measured directly: the cross sections of
exclusive processes give us information only about some
tegrals containing combinations of GPDs with other pert
bative and nonperturbative functions. Therefore any mo
independent theoretical constraints on GPDs are of inter

The aim of this paper is to obtain new theoretical restr
tions on GPDs in terms of the usual~forward! parton distri-
butions using the so-called positivity bounds. The positiv
bounds for GPDs are derived by taking the square of
superposition of parton-hadron states@6–9#:

I (
k51

2

(
lm

clm
(k)E dt

2p
ei txk(Pkn)fm~tn!uPk ,l&I 2

>0. ~1!

Here uPk ,l& is the nucleon state with momentumPk and
polarizationl, fm is the component of the quark~or gluon!
field corresponding to the polarizationm, and n is a light-
cone vector.

Expanding the left-hand side~LHS! of inequality ~1! one
obtains an expression containing diagonal terms corresp
ing to the usual parton distributions and nondiagonal te
corresponding to GPDs. Generally speaking, inequality~1!
should hold for any coefficientsclm

(k) but so far it has been
analyzed only for some specific sets ofclm

(k) . As a result the
positivity bounds for GPDs derived earlier are not as stro
as they could be.

In particular, an interesting inequality for GPDHq was
derived in Refs.@7,8#

Hq~x,j,t !<Aq~x1!q~x2!

12j2
. ~2!

Here the notation of X. Ji@9# is used for the quark GPD
(Hq,Eq, . . . ) and for their argumentsx,j,t. In the right-
hand side~RHS! of Eq. ~2!, q(xk) is the usual~forward!
quark unpolarized distribution taken at values

x15
x1j

11j
, x25

x2j

12j
. ~3!
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In Ref. @10# it was noticed that in the original derivatio
of inequality ~2! the contribution of GPDEq was ignored.
The authors of Ref.@10# have derived the correct version o
inequality ~2!

UHq~x,j,t !2
j2

12j2
Eq~x,j,t !U<Aq~x1!q~x2!

12j2
. ~4!

Later in Ref.@11# a stronger bound forHq and Eq was
obtained:

FHq~x,j,t !2
j2

12j2
Eq~x,j,t !G 2

1F At02t

2mA12j2
Eq~x,j,t !G 2

<
q~x1!q~x2!

12j2
. ~5!

Herem is the nucleon mass andt0 is the maximal~negative!
value of the squared nucleon momentum transfert:

t052
4j2m2

12j2
, t<t0<0. ~6!

One has to keep in mind that the general positivity bou
~1! contains much more constraints on GPDs than the ab
examples~4!, ~5!. The aim of this paper is to extract from
inequality ~1! as much information as possible.

In Ref. @12# a classification of twist-2 GPDs was sug
gested in terms of eight distributions

H,E,HT ,ET ,H̃,Ẽ,H̃T ,ẼT . ~7!

Inequality~1! defines some domain in the eight-dimension
space of GPDs~7!. In this paper this ‘‘allowed region’’ is
studied.

The paper is organized as follows. In Sec. II the positiv
condition is formulated in terms of helicity amplitudes.
Sec. III we find the region in the eight-dimensional space
twist-two GPDs which is allowed by the positivity con
straints. In Sec. IV we show how to project this eigh
dimensional ‘‘allowed region’’ onto one axis correspondin
to a single GPD, then we derive the general inequality wh
can be applied to any GPD and to any linear combination
GPDs. In Sec. V this general inequality is written in an e
plicit form for various quark GPDs. The main part of th
©2002 The American Physical Society15-1
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paper is devoted to the quark GPDs. In Sec. VI similar
equalities for gluon GPDs are presented.

II. POSITIVITY BOUND IN TERMS OF HELICITY
AMPLITUDES

It is convenient to analyze the general positivity inequ
ity ~1! using ‘‘helicity amplitudes’’ ~the term is not quite
justified but it is used for brevity! introduced in Ref.@12#

Al8m8,lm5E dz2

2p

3eixP1z2
^p8,l8uOm8,m~z!up,l&uz150,z'50 .

~8!

Here Om8,m are bilinear quark light-ray operators with th
polarization indicesm,m8. Next, up,l& is a nucleon state
with momentump and polarizationl ~in the sense of light-
cone helicity states@13#!, P1 is the light-cone component o
vector P5(p1p8)/2. The explicit expressions forAl8m8,lm
in terms of GPDs~7! are listed in the Appendix.

With two values for each polarization index ofAl8m8,lm
we have 24516 components but due to the parity invarian
@12#

A2l8,2m8;2l,2m5~21!l82m82l1mAl8m8,lm ~9!

only eight components are independent. This is exactly
number of twist-2 GPDs~7!. There is a one-to-one linea
correspondence between the independent components o
licity amplitudesAl8m8,lm and GPDs~7!. Therefore we can
study the positivity bound~1! using helicity amplitudes
Al8m8,lm . The result will be expressed in terms of usu
GPDsH,E, . . . ~7! at the final stage of the work. The helic
ity amplitudesAl8m8,lm are useful for the derivation of th
positivity bounds because the underlying inequality~1! looks
quite simple in terms ofAl8m8,lm :

cM
(1)* AMN

† ~x,j,t !cN
(2)1cM

(2)* AMN~x,j,t !cN
(1)

1cM
(1)* AMN~x1,0,0!cN

(1)

1cM
(2)* AMN~x2,0,0!cN

(2)>0. ~10!

Here we combined the nucleon-quark polarization indi
l,m into one multiindexM5(l,m). The dagger inAMN

†

stands for the Hermitean conjugation. As usual the sum
tion over repeated indices is implied. Parametersx1 ,x2 ap-
pearing inAMN(x1,2,0,0) are connected to argumentsx,j of
AMN(x,j,t) by relations~3! and the regionx.uju is implied.

In this paper inequality~10! is analyzed in its genera
form with arbitrary coefficientscM

(k) . Allowing arbitrary co-
efficientscM

(k) we extend the analysis to all kinds of GPDs
leading twist including those with the quark helicity flip. It
interesting that by including the GPDs with the quark hel
ity flip in the analysis we get new constraints on helic
non-flip GPDs.
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Inequality ~10! that is valid for arbitrary coefficientscM
(k)

is nothing else but the positivity condition for the followin
838 matrix:

S A~x1,0,0! A†~x,j,t !

A~x,j,t ! A~x2,0,0!
D>0. ~11!

In the next section we shall transform this positivity cond
tion to a form more convenient for the practical work wi
GPDs.

III. SOLUTION OF POSITIVITY CONSTRAINT

The first step is to reduce the analysis of the positivity
the 838 matrix ~11! to a problem involving only 434 ma-
trices. This can be done using the symmetry property~9!.
This symmetry allows us to make matrixAMN block diago-
nal. Performing the transformation

c11
(k) 5 c̃1

(k)1 c̃3
(k) , c22

(k) 5 c̃1
(k)2 c̃3

(k) , ~12!

c12
(k) 5 c̃2

(k)1 c̃4
(k) , c21

(k) 5 c̃4
(k)2 c̃2

(k) , ~13!

we obtain

cM
(k)* AMNcN

( l )5 c̃a
(k)* Ãabc̃b

( l ) . ~14!

where the 434 matrix Ãab consists of two 232 blocks
B1 ,B2

Ã5S B1 0

0 B2
D . ~15!

The explicit expressions for matrix elementsAMN and Ãab

are given in the Appendix. Since the 434 matrix Ã consists
of two 232 blocks it has eight nonzero components and t
is exactly the number of all twist-2 GPDs~7!.

In this representation the positivity condition~11! results
in two independent positivity constraints for 434 matrices

Cs[S Bs~x1,0,0! Bs
†~x,j,t !

Bs~x,j,t ! Bs~x2,0,0!
D>0 ~s51,2!. ~16!

The positivity of matrixCs automatically leads to the pos
tivity of its diagonal blocks

Fs~xk!5Bs~xk,0,0!>0. ~17!

Matrices Fs are diagonal and correspond to the followin
combinations of usual forward distributions:

Fs5S q1DLq12«sDTq 0

0 q2DLqD ~18!

~«152«251!.

Here q,DLq,DTq are, respectively, unpolarized, longitud
nally polarized, and transversity quark distributions. Thus
reproduce the standard positivity bounds on parton distri
tions
5-2
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DISENTANGLING POSITIVITY CONSTRAINTS FOR . . . PHYSICAL REVIEW D 65 114015
uDLqu<q, ~19!

including the Soffer inequality@14#

2uDTqu<q1DLq. ~20!

Now we can replace Eq.~16! by the following equivalent
condition:

S Fs
21/2~x1! 0

0 Fs
21/2~x2!

D CsS Fs
21/2~x1! 0

0 Fs
21/2~x2!

D
5S 1 Ks

1

Ks 1
D>0, ~21!

where

Ks5Fs
21/2~x2!Bs~x,j,t !Fs

21/2~x1!. ~22!

It is straightforward to check that positivity condition~21! is
equivalent to the following bound on the norm of matrixKs :

iKsi<1. ~23!

Equivalently this can be reformulated as the positivity of t
matrix

12Ks
†Ks>0 ~24!

or in terms of matrix elements

(
j

u~Ks! i j u2<1, (
i

u~Ks! i j u2<1. ~25!

Using the trace and the determinant of matrixKs
†Ks we can

rewrite these constraints as follows:

Tr Ks
†Ks<2, TrKs

†Ks<11detKs
†Ks . ~26!

In our case of matrixKs ~22! these conditions take the form

Tr@Bs
†~x,j,t !Fs

21~x2!Bs~x,j,t !Fs
21~x1!#<2, ~27!

Tr@Bs
†~x,j,t !Fs

21~x2!Bs~x,j,t !Fs
21~x1!#

<11
udetBs~x,j,t !u2

detFs~x1!detFs~x2!
. ~28!

We note that the matrixBs(x,j,t) is composed of the linea
combinations of various GPDs. The explicit expressions
the matrix elements ofBs in terms of GPDs~7! can be read
from ~15! using the matrix elementsÃab listed in the Appen-
dix. Inserting these expressions into inequalities~27!, ~28!
one can write explicit bounds on GPDs~7!. Note that the
trace Tr@Bs

†Fs
21(x2)BsFs

21(x1)# is quadratic in GPDs and
the squared determinantudetBsu2 is quartic. Thus inequalities
~27!, ~28! are polynomial inequalities for GPDs of order
and 4, respectively. However, instead of dealing with expl
expressions containing polynomials of eight GPDs it is mu
more convenient to work with the compact form of the po
tivity condition ~23!.
11401
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IV. BOUNDS ON SEPARATE GPDS AND THEIR LINEAR
COMBINATIONS

With eight independent GPDs hidden in matric
Bs(x,j,t) the above constraints~27!, ~28! are hardly trac-
table. Therefore it is interesting to derive bounds for sin
GPDs. Since matrix elements ofBs(x,j,t) are linear in
GPDs we can represent any GPDG5H,E, . . . ~7! in the
form

G~x,j,t !5(
s51

2

Tr@Ls
(G)Bs~x,j,t !#, ~29!

where Ls
(G) are 232 matrices depending on the specifi

choice of the GPDG. Hence the derivation of the bounds fo
single GPDs reduces to the problem of the calculation of
maximum

uG~x,j,t !u<(
s51

2

max
Bs

uTr@Ls
(G)Bs~x,j,t !#u ~30!

under constraints~27!, ~28!. Using relation~22! we can re-
write this as follows:

max
Bs

uTr@LsBs~x,j,t !#u

5 max
Ks :iKsi<1

uTr@Fs
1/2~x1!LsFs

1/2~x2!Ks#u, ~31!

where the maximum in the RHS is taken with respect
matricesKs obeying the constraintiKsi<1. The general so-
lution of this problem for an arbitrary matrixM is

max
K:iKi<1

uTr~KM !u5Tr@~M†M !1/2#. ~32!

Here (M†M )1/2 should be understood as a function of t
matrix. Applying the general result~32! to our case~31! we
find

uG~x,j,t !u<(
s51

2

Tr$@Fs~x1!Ls
(G)Fs~x2!Ls

(G)†#1/2%. ~33!

This inequality can be used for any GPD and any line
combination of GPDs.

V. BOUNDS ON QUARK GPDS

A. Inequalities for H qÀj2
„1Àj2

…

À1 Eq

As an example let us consider a linear combination
GPDsHq andEq which has a simple expression in terms
amplitudesÃab ~15!. Using the equations of the Appendi
we find

Hq2
j2

12j2
Eq5

1

4A12j2
~Ã111Ã221Ã331Ã44!. ~34!

This structure corresponds to the following choice of ma
cesLs

(G) in Eq. ~29!:
5-3
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L1
(G)5L2

(G)5
1

4A12j2 S 1 0

0 1D . ~35!

With these matricesLs
(G) we obtain from inequality~33!:

UHq~x,j,t !2
j2

12j2
Eq~x,j,t !U

<
1

4A12j2 (
s51

2

Tr$@Fs~x1!Fs~x2!#1/2%. ~36!

Below for brevity we omit the argumentsx,j,t of GPDs and
write the argumentsx1 ,x2 of the forward distributions as
subscripts.

Using expression~18! for Fs(xk) we can rewrite inequal-
ity ~36! in the form

UHq2
j2

12j2
EqU

<
1

4A12j2
$A~q1DLq22DTq!x1

~q1DLq22DTq!x2

1A~q1DLq12DTq!x1
~q1DLq12DTq!x2

12A~q2DLq!x1
~q2DLq!x2

%. ~37!

One can obtain a weaker bound by maximizing the R
with respect toDTq in the range allowed by the Soffer in
equality ~20!

UHq2
j2

12j2
EqU< 1

2A12j2
$A~q1DLq!x1

~q1DLq!x2

1A~q2DLq!x1
~q2DLq!x2

%. ~38!

Another still weaker inequality can be derived by ma
mizing the RHS of Eq.~38! with respect toDLq

UHq2
j2

12j2
EqU<Aq~x1!q~x2!

12j2
. ~39!

We have reproduced inequality~4!.
Using this strategy one can obtain bounds for any GPD

any linear combination of GPDs starting from the gene
inequality~33!. From the above example we see that there
a hierarchy of inequalities:~1! strong inequalities where
GPDs are bounded by combinations of all forward qu
distributions including the transversity distribution;~2!
weaker inequalities without the forward transversity distrib
tion; ~3! still weaker inequalities where GPDs are bound
by only the unpolarized forward distribution.
11401
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B. Inequalities for H̃ qÀj2
„1Àj2

…

À1Ẽq

Now let us turn to the combination of GPDs

H̃q2
j2

12j2
Ẽq5

1

4A12j2
~Ã112Ã221Ã332Ã44!. ~40!

This corresponds to the following matricesLs
(G) in Eq. ~29!:

L1
(G)5L2

(G)5
1

4A12j2 S 1 0

0 21D . ~41!

Inserting these matricesL1
(G) ,L2

(G) into the general inequality
~33! we arrive at the same expression in the RHS as in
above section where the bounds forHq2j2(12j2)21Eq

were derived. Therefore we have the same inequalities
Hq2j2(12j2)21Eq and H̃q2j2(12j2)21Ẽq:

UH̃q2
j2

12j2
ẼqU

<
1

4A12j2
$A~q1DLq22DTq!x1

~q1DLq22DTq!x2

1A~q1DLq12DTq!x1
~q1DLq12DTq!x2

12A~q2DLq!x1
~q2DLq!x2

%, ~42!

UH̃q2
j2

12j2
ẼqU< 1

2A12j2
$A~q1DLq!x1

~q1DLq!x2

1A~q2DLq!x1
~q2DLq!x2

%, ~43!

UH̃q2
j2

12j2
ẼqU<Aq~x1!q~x2!

12j2
. ~44!

C. Inequalities for Eq

In the derivation of inequalities forEq one deals with
nondiagonal matricesL1

(G) ,L2
(G) in the RHS of Eq.~33!.

Computing the trace in the RHS of Eq.~33! one obtains the
following bound:

uEqu<
m

2At02t
$A~q2DLq!x1

~q1DLq12DTq!x2

1A~q1DLq12DTq!x1
~q2DLq!x2

1A~q1DLq22DTq!x1
~q2DLq!x2

1A~q2DLq!x1
~q1DLq22DTq!x2

%. ~45!

Maximizing the RHS with respect toDTq we arrive at a
weaker bound
5-4
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uEqu<
m

At02t
@A~q1DLq!x1

~q2DLq!x2

1A~q2DLq!x1
~q1DLq!x2

#. ~46!

Next one can maximize the RHS of Eq.~46! with respect
DLq

uEqu<
2m

At02t
Aq~x1!q~x2!. ~47!

This coincides with the bound forEq derived earlier in Ref.
@10# up to a typo there@15#. This bound also can be obtaine
directly from inequality~5!.

D. Inequalities for Ẽq

Inequalities forẼq differ from inequalities forEq only by
a factor ofj21 in the RHS:

uẼqu<
m

2jAt02t
$A~q2DLq!x1

~q1DLq12DTq!x2

1A~q1DLq12DTq!x1
~q2DLq!x2

1A~q1DLq22DTq!x1
~q2DLq!x2

1A~q2DLq!x1
~q1DLq22DTq!x2

%, ~48!

uẼqu<
m

jAt02t
@A~q1DLq!x1

~q2DLq!x2

1A~q2DLq!x1
~q1DLq!x2

#, ~49!

uẼqu<
2m

jAt02t
Aq~x1!q~x2!. ~50!

E. Inequalities for H q

Using Eq. ~33! one can derive the following bound fo
Hq:

uHqu< 1
4 $a2@Af 1~x1! f 1~x2!1Af 2~x1! f 2~x2!#2

1b2@Af 1~x1! f 2~x2!1Af 2~x1! f 1~x2!#2%1/2

1 1
4 $a2@Af 3~x1! f 3~x2!1Af 2~x1! f 2~x2!#2

1b2@Af 3~x1! f 2~x2!1Af 2~x1! f 3~x2!#2%1/2.

~51!

Here we use a compact notation for the combinations of
usual~forward! parton distributions

f 15q1DLq12DTq, f 25q2DLq,
~52!

f 35q1DLq22DTq

which appear in the diagonal matricesFs ~18!. Parameters
a,b are defined as follows:
11401
e

a5
1

A12j2
, b5

j2

12j2

2m

At02t
. ~53!

The weaker bound without transversity distributionDTq
looks as follows:

uHqu< 1
2 $a2@A~q1DLq!x1

~q1DLq!x2

1A~q2DLq!x1
~q2DLq!x2

#2

1b2@A~q1DLq!x1
~q2DLq!x2

1A~q2DLq!x1
~q1DLq!x2

#2%1/2. ~54!

Maximizing the RHS with respect toDLq we obtain

uHqu<AS 11
2t0j2

t02t Dq~x1!q~x2!

12j2
. ~55!

Note that inequality~55! is stronger than the bound forHq

derived in@11# but still weaker than the obsolete inequali
~2!.

F. Inequalities for H̃ q

Similarly we find forH̃q

uH̃qu<
1

4 H a2@Af 1~x1! f 1~x2!1Af 2~x1! f 2~x2!#2

1S b

j D 2

@Af 1~x1! f 2~x2!1Af 2~x1! f 1~x2!#2J 1/2

1
1

4 H a2@Af 3~x1! f 3~x2!1Af 2~x1! f 2~x2!#2

1S b

j D 2

@Af 3~x1! f 2~x2!1Af 2~x1! f 3~x2!#2J 1/2

.

~56!

Parametersa,b are given in Eqs.~53! and functionsf k are
the same as in Eqs.~52!. The weaker inequality without the
transversity distribution is

uH̃qu<
1

2 H a2@A~q1DLq!x1
~q1DLq!x2

1A~q2DLq!x1
~q2DLq!x2

#2

1S b

j D 2

@A~q1DLq!x1
~q2DLq!x2

1A~q2DLq!x1
~q1DLq!x2

#2J 1/2

~57!

and the bound without forward polarized distributions loo
as follows:
5-5
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uH̃qu<A 2t

t02t

q~x1!q~x2!

12j2
. ~58!

VI. INEQUALITIES FOR GLUON GPDS

One can easily generalize the above inequalities for
case of gluon GPDs. As noted in Ref.@12# helicity ampli-
tudes Al8m8,lm without parton helicity flip ~i.e., with m
5m8) are represented by the same expressions in term
GPDs in the quark and gluon cases. As a result the exp
sions forH,E,H̃,Ẽ in terms of amplitudesÃab also have the
same form for quarks and gluons.

The difference between the quark and gluon cases co
from the following sources.

~1! In the gluon case the quark inequality~10! should be
replaced by

1

A12j2
@cM

(1)* AMN
† ~x,j,t !cN

(2)1cM
(2)* AMN~x,j,t !cN

(1)#

1cM
(1)* AMN~x1,0,0!cN

(1)1cM
(2)* AMN~x2,0,0!cN

(2)>0.

~59!
~2! The standard definition of theforward gluon distribu-

tion contains an extra factor ofx compared to the quark
distributions.

~3! We use the normalization conventions of Ref.@12# for
gluon GPDs so that the forward limit of gluon GPDs diffe
from the standard forward gluon unpolarizedg and polarized
DLg distributions by a factor ofx:

Hg~x,0,0!5xg~x!, H̃g~x,0,0!5xDLg~x!. ~60!

Combining all above factors we see that the transit
from the quark case to the gluon one reduces to the repl
ment

Aq1~x1!q2~x2!→A12j2Ax1x2Ag1~x1!g2~x2!

5Ax22j2Ag1~x1!g2~x2!, ~61!

wheregk5g,DLg are gluon analogues of quark distributio
qk5q,DLq. Of course, one has to keep in mind that t
forward gluon transversity distribution vanishes in the ca
of spin-1/2 hadrons which is considered here.

As a result we obtain

UHg2
j2

12j2
EgU<1

2
Ax22j2

12j2
@A~g1DLg!x1

~g1DLg!x2

1A~g2DLg!x1
~g2DLg!x2

#, ~62!

UHg2
j2

12j2
EgU<Ax22j2

12j2
g~x1!g~x2!, ~63!
11401
e

of
s-

es

n
e-

e

UH̃g2
j2

12j2
ẼgU<1

2
Ax22j2

12j2
@A~g1DLg!x1

~g1DLg!x2

1A~g2DLg!x1
~g2DLg!x2

#, ~64!

UH̃g2
j2

12j2
ẼgU<Ax22j2

12j2
g~x1!g~x2!, ~65!

uEgu<
m

At02t
Ax22j2@A~g2DLg!x1

~g1DLg!x2

1A~g1DLg!x1
~g2DLg!x2

#, ~66!

uEgu<
2mAx22j2

At02t
Ag~x1!g~x2!, ~67!

uẼgu<
mAx22j2

jAt02t
@A~g2DLg!x1

~g1DLg!x2

1A~g1DLg!x1
~g2DLg!x2

#, ~68!

uẼgu<
2mAx22j2

jAt02t
Ag~x1!g~x2!, ~69!

uHgu<
Ax22j2

2
$a2@A~g1DLg!x1

~g1DLg!x2

1A~g2DLg!x1
~g2DLg!x2

#2

1b2@A~g2DLg!x1
~g1DLg!x2

1A~g1DLg!x1
~g2DLg!x2

#2%1/2, ~70!

uHgu<Ax22j2AS 11
2t0j2

t02t Dg~x1!g~x2!

12j2
,

~71!

uH̃gu<
Ax22j2

2 H a2@A~g1DLg!x1
~g1DLg!x2

1A~g2DLg!x1
~g2DLg!x2

#2

1S b

j D 2

@A~g2DLg!x1
~g1DLg!x2

1A~g1DLg!x1
~g2DLg!x2

#2J 1/2

, ~72!

uH̃gu<Ax22j2A 2t

t02t

g~x1!g~x2!

12j2
. ~73!

Parametersa,b are given by Eqs.~53!. Inequality~63! was
derived earlier in Ref.@10#.
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VII. CONCLUSIONS

In this paper we found the domain in the eigh
dimensional space of twist-2 GPDs~7! which is allowed by
the positivity constraint~1!. This region is described by poly
nomial inequalities~27!, ~28!. These inequalities mix variou
GPDs in a nontrivial way. If one is interested in bounds o
ingle GPD then one has to project this eight-dimensio
domain onto the axis corresponding to the chosen GPD. T
projection leads to the general inequality~33! which can be
applied to any GPD or any linear combination of GPDs. T
explicit inequalities for various quark GPDs are presented
Sec. V and for the gluon GPDs in Sec. VI.

The derivation of the positivity bounds presented here
nored the problem of the renormalization. It is well know
that in the case of forward parton distributions the positiv
can be violated at low normalization points where par
distributions can essentially differ from the correspond
structure functions associated with physical cross secti
Similarly the positivity bounds derived for GPDs in this p
per can be also violated at low normalization points. In
case of forward parton distributions the one-loop evolut
to higher normalization points is known to preserve all po
tivity properties. For some special inequalities for GPDs
stability with respect to the evolution was analyzed in R
@8#. In Ref. @16# the one-loop evolution stability was demo
strated for a wider class of positivity bounds including t
inequalities considered in this paper.
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APPENDIX: HELICITY AMPLITUDES

Below we list the expressions for the amplitudesAl8m8,lm
~8! in terms of GPDs~7!. The derivation and the details ca
be found in Ref.@12#:

A11,11
q 5A12j2S Hq1H̃q

2
2

j2

12j2

Eq1Ẽq

2 D , ~A1!

A21,21
q 5A12j2S Hq2H̃q

2
2

j2

12j2

Eq2Ẽq

2 D ,

~A2!

A11,21
q 52«

At02t

2m

Eq2jẼq

2
, ~A3!

A21,11
q 5«

At02t

2m

Eq1jẼq

2
, ~A4!

A11,12
q 5«

At02t

2m
S H̃T

q1~12j!
ET

q1ẼT
q

2
D ,

~A5!
11401
a
l
is

e
n

-

n

s.

e
n
-
e
.

A21,22
q 5«

At02t

2m
S H̃T

q1~11j!
ET

q2ẼT
q

2
D ,

~A6!

A11,22
q 5A12j2S HT

q1
t02t

4m2
H̃T

q2
j2

12j2
ET

q

1
j

12j2
ẼT

qD , ~A7!

A21,12
q 52A12j2

t02t

4m2
H̃T

q . ~A8!

Here«561 is a sign factor whose value is not important f
the derivation of the bounds on GPDs andt0 is defined in Eq.
~6!.

Using the above expressions forAl8m8,lm one finds the
following nonzero matrix elementsÃab ~14!:

Ã115A12j2FHq1H̃q12HT
q

1
2j2~Eq1Ẽq12ET

q!12jẼT
q

12j2
1

t02t

2m2
H̃T

qG ,

~A9!

Ã225A12j2FHq2H̃q2
j2

12j2
~Eq2Ẽq!1

t02t

2m2
H̃T

qG ,

~A10!

Ã125«
At02t

m
F H̃T

q1~12j!
ET

q1ẼT
q

2
1

Eq2jẼq

2
G ,

~A11!

Ã215«
At02t

m
F2H̃T

q2~11j!
ET

q2ẼT
q

2
2

Eq1jẼq

2
G ,

~A12!

Ã335A12j2FHq1H̃q22HT
q

1
j2~2Eq2Ẽq12ET

q!22jẼT
q

12j2
2

t02t

2m2
H̃T

qG ,

~A13!

Ã445A12j2FHq2H̃q2
j2

12j2
~Eq2Ẽq!2

t02t

2m2
H̃T

qG ,

~A14!
5-7
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Ã345«
At02t

m
F H̃T

q1~12j!
ET

q1ẼT
q

2
2

Eq2jẼq

2
G ,

~A15!
J.

11401
Ã4352«
At02t

m
F H̃T

q1~11j!
ET

q2ẼT
q

2
2

Eq1jẼq

2
G .

~A16!
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